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Ahe tract 

It  is  proved  that  in  the  three-hody  scattering  prohlem, 
the  prototype  of  which  is  the  scattering  of  an  electron  by  a  hydro- 
gen atom,  the  coefficient  corresponding  to  exchange  scattering 
hehP-ves  like  a  radially  outgoing  wave.   The  essential  conjecture 
used  by  Kott  and  Massey  (Kef.  l)  in  their  treatment  of  the 
problem  is  thus  verified. 


1^,  Introduction  ;^^  ,s,,..r'.MT  e/^rf  -^..,. 

We  3h&ll  consider  the  proUejii  of  the  scattering  of  an  electron  by  a  hydro- 
fen  atom  the  nucleus  of  which  is  considered  to  be  infinitely  heavy.  We  shall 
taice  the  case  where  the  electrons  are  considered  identifiable.  iFurthermore, 
since  we  do  not  wish  to  discuss  convergence  difficulties  arising  from  the 
fact  that  Coulomb  forces  die  out  slowly,  we  shall  replace  the  Coulomb  inter- 
actions by  shorter-mn^e  interactions, 

Mott  and  ^fes8ey  (ref.  l)  treat  this  problem.  They  obtain  an  eqi^tion  for 
the  elpenfunction  of  the  total  Hamiltonian  by  exj^andin^  this  ei^enfunction  in- 
sofar as  it  is  a  function  of  the  coordinate  of  the  electron  of  the  hydrogen  atom 
in  terms  of  the  eigenfunctlonsof  the  hydrogen  Hamlltonian,  ha.ving  imposed  suit- 
able conditions  on  the  coefficients  of  this  expansion.   In  their  treatment  of 
exchange  scattering  they  use  this  same  eigenfuQction  of  the  total  Hamiltonlan, 
re-e:qjand  it,  this  time  insofar  as  it  is  ^   function  of  the  coordinate  of  the 
scattered  electron,  in  terms  of  the  eiger.f unctions  of  the  hydrogen  Hamlltonian. 
Mott  and  Ifessy  then  assume  certain  conditions  on  the  coefficient  of  the  second 
expansion.   It  Is  our  p\»rpo3e. -to  show  in' which  sense  their  as8uj^'t?og'i^" correct. 
We  now  proceed 'to '"discuss  the  assumption  explicitly^  -'•'  <-':'-i2i:?r.rj  j.g_ 

Let  us  denote  by  the  subscript  1  the  electron  yf  ich  is  scattered  and  by 
the  subscript  2  the  electron  of  the  hydrogen  atom.  Then  the  ^miltonian  for 
the  problem  is  the  following: 

The  operator  T(t)  is  the  kinetic-energy  nfeiniltonlan  for  a  particle  of  mass  m: 
^(-^  =  -^  ^-  (2) 

The  operator  '^-^M   is  the  hydrogenic  hamlltonian  which  we  take  as 

-,(x)  =  T(x)  .  lU),  (3) 
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V(x)  is  the  interaction  of  an  electron  with  the  nucleus,  and  V(x  ,i  )  is  the 
interaction  of  the  two  electrons  with  each  other.  These  interactions  take 
the  place  of  the  usua-l  Coulomh  interactions. 

In  the  ahove  expressions  we  have  taken  ti  =  1  and  have  designated  the 
three  coordinates  collectively  of  the  first  electron  hy  the  vector  x^  and 
those  of  the  second  electron  "by  x  . 

We  are  interested  in  eigenf unctions  of  the  total  Hamiltonian  H(i.,x-) 
which  descrihe  a  situation  which  corresponds  to  the  condition  that  before 
collision  the  atom  have  the  energy  E  and  that  the  energy  of  the  incident 
electron  he  E  -  E  .  We  shall  denote  this  eigenstate  by  \|f(x,  ,x„|E,E^  ).  The 
total  energy  initially  is  thus  E,  Since  the  energy  of  the  system  is  a  con- 
stant, the  total  energy  of  the  systea  at  any  time  is  E  also^  so  that 
w(xt ,x-|E,E  )  is  an  eigenfunction  of  the  total  Hamiltonian  H(x,  ,x_)  corres- 
ponding  to  the  eigenvalue  E;  i.e., 

H(3c^,X2)Mf(T^,T2|E,E^)  =  Evj/Cx^x^lE.E^).  {k) 

To  specify  the  boundary  conditions  on  \j/(x- ,x^|E,E  )  corresponding  to 
the  initial  condition,  we  introduce  the  eigenfunctions  of  T(x)  and  ^(j,)« 

Let  us  designate  the  eigenfunctions  of  T(x)  associated  with  the  energy 
E  by  X  (xIe);  then 

T(x)T(xlE)  =eX(x|E).  (5) 

where  E  is  in  a  continuum  whose  values  range  from  0  to  +do.  Furthermore, 
let  us  denote  the  eigenfunctions  of  H_(x)  associated  with  the  energy  E  by 
0(x|E).  Thus 

LU)  j«(x|E)  =  E^(x|E).  (6) 

The  argument  E  of  ji(x|E)  has  discrete  values  for  B  <  0  and  lies   in  the  con- 

tinuum  for  0  <E  <+».     vTe  shall  call  the  lowest  of  the  discrete  eigenvalues 


-  3  - 


E  (c  indicates  "ground"  state). 


Mott  and  Ifessey  expand  >u(x, ,x-|e,E  )  in  terms  of  the  ei^enfunctions 


IJCxgl^)*  *8  follows; 


-00 


wCx^.x^IH.E^)  =/  FU^lF.F^lEO^KxglEOdl'.  (7) 

g 
where  the  lnte.fl:ration  is  to  'be  understood  as  a  summation  over  values  of 
5'  "belonging  to  the  discrete  spectrum  of  H_. 

The  functions  T(x^1e,5^|?- ')  have  the  significance  that  Ir(x^lE,E^|E  •) 
is  the  prohahility  density  of  finding  electron  1  at  x.  when  electron  2  ie 

in  the  state  {Sd-JE')  and  when  the  entire  system  has  the  energy  E.   i4ott 
•~  2 

and  Massey  prescribe  that  the  asymptotic  form  of  r(xlE,E^lE*)  shall  "be 
as  follows  when  |x.|  ->oo: 

ilp'llji! 

P(x,lE,E  1e')  ->6(E'-E„)y(x,lE-E  )  +  2__^ ; f(e),  (8) 

^i\  'a  a    ■''J.    B.       I  ▼  I 

'Jl' 

where  6(E«-E  )  is  to  "be  taken  as  a  Kronecker  6  if  hoth  !?•  «nd  E  sre  in  the 

discrete  spectrum  of  lU,  as  a  Dirac  6  if  "both  are  in  the  continuous  spectrum 

of  H_,  and  as  zero  oth-^rwise.  Also 

Ip'1  =  /2m(E-E')  .  (9) 

This  "boTindsry  condition  corresponds  to  the  condition  which  we  want.mmely 
that  "before  collision  the  atom  >)e  in  the  state  of  energy  E^  and  the  incident 
particle  have  the  kinetic  energy  E-E^,  After  collision  there  is  to  "be  a 
flux  of  outgoing  electrons. 

Mott  and  Massey 's  conjecture  is  that  if  we  use  the  expansion 

v(x^.T2|E,E^)  =/0(x2lE.\lE')  ^(ijE')dE'  (lO) 

instead  of  expansion  (?),  then  GU^Ie.E^Ie ')  will  behave  like 


-  ^  -  ,.. 
I g(e) 


for  |x„!  ->oo.  That  is,  havein^  prescrited  i;f(x,  ,y._iE,E  )  "by  imiiosing  ■bounds.ry 
condition  (8)  with  respect  to  x,  ,  we  .assume  that  the  o-atgoing  wave  condition  on 


x_  can  'be  proved. 

The  significance  of  G(x„|e,E^  JE' )•  ie  that  ,Jg(x,|E,E  |E  Ol,^.  is  the  prohahility 
density  thp.t  the  second  electron  is  at  x^  when  the  first  electron  has  hipei!,. 
captured  "by  the  hydrogen  Ptom  and  is  in  the  stpte  0(x^|E').  Since  initially 
the  first  electron  was  free  and  the  second  electron  was  part  of  the  hydrogen 
Ptom,  whereas  after  collision  |G(x„|E,E  |E')|       for  |x,|  ->od  gives  the 
prohphility  that  the  first  is  p8.rt  of  the  hydrogen  atom  and  the  second  is 

■.J,St 

free,    |Ct(x_|E,E    !e«)|^  is  called  the  "exchange  prohahility". 

In  the  following  section  we  proceed  to  show  in  what  sense  Mott  and  Massey's 
conjecture   is  valid. 

2.     More  Explicit  Discussion  of  the  Eigenfunctiona 

In  order  to  prove  the  conjecture  we  must  he  more  explicit  as  to  the 
nature  of  the  eigenfun-tions   involved.      In  particular,  we  shall  have  to   take 
into  account  the  auiilliary  variables ,  which  together  with  the  Hamiltonian 
form  a  complete  set  of  commuting  varirhles.     First  let  us  consider  the  eigen- 
funrftfons  6-f  the  feine'tSc' energy  operator  T(x).     Usually  the  three  momentum 
compdaerite^f^' taken  as  the  complete 'set  of  commuting  Variahles.     Eor  our         ^-^ 
puiTpose,  however,  we  shall  take  as   the  complete -s^fet  of  commuting  variahles 
the  energy  and  the  polar  angles  of  the  moment-um  Q,  oi.      In  terms  of  these 
varieties  we  wriie-the  elgerifuncttbns  of  T(x)  corresponditig  to  the  energy 
eigenvalue  E  as  '2i('E'  T  z\   x)<^       ~ 

t  (x|E.^.«)  =   (2n)-^/2(2^^jl/^  (sin«^^ '^e^  ^^  ^\  (H) 

Here  (px)  is  the  inner  product  of  the  momentum  vector  p  and  the  coordinate 
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vector  X,      In  the  rl^ht  hand  side  cf   (ll)  we  replace  p    i  p    ,  p     by 
/2^   3in  e  cos  u),  /2r^-  sin  9   sin  uj,   and  /2inl^  cosO  respectively.      The 
eleienftmctions  as  chosen  above  satisfy  the  norinalizetion  conditions 

/  X(T|E,©,uOi^(xrF',e',u)»)dx     =   6(F-E')6(e-9')6(ov-uj') 

00       TT        2tT 

iff  yl(x|E,9.o))  A(x'!F,0,y,)duded^  =  6(3t  ~  x').  (12) 

-^o   "o      ^  "'  ^  -^       ^ 

For  simplicity  we  shall  denote  the  an^iilar  variables  e,  w   collectively  by  the 
variable  a,  so  that  the  orthonor.T)ality  conditions  (12)  become 

/X(x!E,a)lC(x|E',a')dx  =  6(E-£«  )6(a,a') 

(^-2a) 

/  /"X(x|E,a)|^(x«|E,a)dndE  =  Mx-  x')» 
^0  ^    ^        -  ^        ^ 

where  we  write 

/{^(xjE.a)  =  t   (x|E,9.u.).  (I3) 

Let  us  new  consider  the  eig-enf unctions  of  H„(x)  =  T(x)  +  Y(x)  and  for 

n  -^       ^  V 

the  moment  restrict  ourselves   to  the  continuous  spectnam.      If  we  assrme   that 

V(x)  dies  stifficipntly  rapidly,  we  may  write   the  eigenf unctions  of  E_(x)  be- 

lon^iri^  to   thp  cocitinuous   spectrum  es   the   sum  of  an  "incident  wave"    /hich   is 

an  ei^enfiaiction  of  T(x)  and  s  "secttered  wpve  ".     Ve  shell  prescribe  the  bour.dary 

condition  that  the  <^eattered  v.^ave  shall  be  p   radially  putfcoinf:  wave.     This 

condition  is  the  one  which  will  enable  -oA  to  prove   the  conjecture.     Mott  end 

Wassey  are  not  exDllcit  as    to  the  nature  of  the  eigenftmctions  of  H„  in  the 

n 

continuous  spectrum.   In  the  expansions  (?)  and  (lO)  for  F  and  G  we  shall 
have  to  use  eiifrenfunctions  of  H_  with  these  boundrry  conditions. 

Now  as  auxilllary  varipbles  we  shall  take  the  polar  angles  which  describe 
the  incident  wave.  The  eigenfunctions  of  "n-   belonging  to  the  eigenvalue  E  for 
E  >  0  satisfy  the  following  inte^-ral  equation: 
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/^i|p'llx-x'| 

0(x|E.e,«,)  =  JC(x|E.9,u,)  -  ^  /  2-^ ^-^^7(x')i!i(x'|E,9.„0dx',      (1^4) 

^y   |x  -  x'l     -    - 

where  |p'|  =  /2inE  . 
A* 

If,  as  "before,  we  denote  collectively  the  polar  variables  ©,  w  "by  a  we  l»v© 

/i|p'!!x-x'| 
0(x|E.a)  =  >  (xJE.a)  -  ^  /  2-^-——^  V(x  •)^(x'lE.o,)dx> 

Ip'1  =  /^  .  (1^) 

5'or  the  discrete  spectrum,  i.e.,  for  E  <  0,  we  may  choose  any  convenient 

set  of  anxilliary  vsriehles:  for  example,  we  might  choose  the  total  an^Tolar 

momenttm  if  VCx)  la  spherically  syrimetric.  Denoting  these  aiixilliary 

varis^blea  "by  a,  as  a"bove,  hut  keeping  in  mind  that  a  may  he  quantum  ntunhere 

of  an  entirely  different  character  than  the  a  used  for  B  >  0,  we  have  as  the 

Integral  eqiiation  for  E  <  0 

/'i!p'||x-x'l 
0(xlE,a)  =  -  ^  /  ^     -       -   -       V(x'))d(x'!E.a)dx' 

|p«l  =  /^  .  (15) 

Note  that  since  E  is  negative,    jp'|    is  imaginary  and  hence  that  0(x|E,a) 
decays  exponentially  for  |xl   ->oo,   as  required.     We  can  comhine    (l^)  and   (15) 
as  follows: 

i«(x!E.a,)  =    >i(E)X(x|E.a)  -  ^/'      \      ^  \       7(x ')0(x' |E.a)dx' 

""         ^y       |x-x'i 

(16) 

Ip'I  =  /aSr  , 

where  ">'  (E)  is  a  step  function  given  "by 


^ 


r,  (E)  =  1       E  >  0 

(17) 
■T^  (E)  =  0      E  <  0  . 
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These  functions  satisfy  the  orthonorinality  rele.tions 
I  0(xlE,a)   0(z|E',a«)   dx  =   6(E-E  '  )6(a,a') 
//  0(xlE,a)0(x'lE.a)dcuiE  =   6(x-x') 


(18) 


where  one  has  to  -use  care  in  interpreting  6(a,p.')  or  eq.uivalently  the  inte- 
PT8.tion  over  c,  since  a  nisy  Ciianpe  chars.cter  for  E  >  0  or  E  <  0.  The  6(E-E') 
is  to  he  Interpreted  as  a  Kronecker  6  if  the  arg-uments  belong  to  the  discrete 
spectrum. 

Our  notP-tional  convention  is  the  following: 

Generftily  we  sViall  denote  eio-envalues  of  energy  operators  hy  capital 
Roman  letters  end  eig-envelues  corresponding  to  the  auxllliery  variables  by 
snv8.1]  Greek  letters.  The  rang-e  and  natiire  of  the  eigenvalues  are  to  he  read 
off  from  the  way  in  which  they  spperr  in  the  various  eigenfunctions.  We 
shall  not  hesitate  to  relabel  the  eigenvalues  where  necessary  to  prevent 
confusion,  especially  in  integrations  where  they  appear  es  d\mmy  variables. 

Now  let  us  consider  the  eigenf ■unctions  of  the  total  I5aniltonian  H  which  we 

previously  denoted  by  wCx^ ,X-!e,E  ).  Ve  must  now  also  indicate  the  dependence 

-vX  y^c         a 

of  the  eigenfunction  on  the  direction  of  the  incident  electron,  which  we  shall 
call  a  ,  and  on  the  Initial  auxillipry  quPntum  number  of  the  hydrogenic  atom, 
which  we  call  P  .  We  shall  now  denote  this  eigenfunction  by  v^rCi^  .X-JE.E  ,a  ,p  ), 
Ve  write  the  expansion  (?)  as 


g 
In  (19)  and  everywhere  below.  Integrations  over  variables  which  belong  to  the 

discrete  spectrum  ere  to  be  replaced  by  summations.  We  impose  the  condition 
thPt  for  \t^\   _>oo^  r(xJ-?,l"^.o^,B^|^',e«)  shall  be  the  evrrr  of  an  incident  wnve 


SL  I  j  e__ [y(z'HV(z|.:r^I]    )!5(x^|2 '.P')  (20) 
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a  B  ^1         8     a 

and  a  radially  ont,?cjln^  wave.     Substituting   (19)   into   V-^)  and  v.sinf.  the 
orthonormallty  conditions   on  0(3c1e,S)  one  ©"btalns   the  following  in^^e^-ral 
eqiiPtion  for  T"  which  satisfies   the  houndary  condltione: 

2rr  / 

.  ,„(x^.X2|B,E^,a^»e^|E'.e')dx{dx^ 
with 

|p'i  =  /^"^^TT    , 

which,  when  Biibstltuted  into    (19)  t  gives  us  the  integral  eqijation  for  i;, : 

-  t  I  Iff—, T-  ^(-32!^'.BO0(.'!E.,p.)  (3,) 

g  '^1"^' 

.  fj(xp  +  V(x|,x^aMr(x],x^lE,E^,a^,P^)dT^dx^dP'dE', 

with 

Ip'I    =  v/2in(E_E»)      , 

We  shall  dl^^cuss  eigenfttnctionfl  of   two  more  Ifemiltonians     which  will 

he  iiseful.     The  Hamiltonlan  H     is  defined  hy 

o 

The  incident  term  of  the  integral  eqw^tion  (2l)  is  an  eigenf unction  of  H^ 
corresponding  to  the  eigenvalue  E.  We  note  that 

H(x,  ,r-,)  =  H  (x,  ,x,)  +  ?(xt)  +  7(x,.x,)i  (23) 

hence    (21)  gives   the  eigenfxmction  of  H  in   terms  of  a  Green's  function  of 
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(E-H  ),  wher-e  Vd^  )  +  7(i-,z,)  is  considered  a  pertiirbation.  '<Ve  Bha.ll  denote 
0  V  X       vX  *^fc 

the  elfrenf-onction  of  H  (x, .■»:„)  corresponding  to  the  eigenvalue  E,  by 
X(xT.z,lE.S',a,P).  where 

The  eip-enfunction  \(x.,  .x.Ie.E' ,c.,P)  is  an  eigenfunction  correspondinf  to  the 
oitiintion  where  the  first  electron  is  in  the  free  stste  A  (x^1E-E',o,)  and 
the  second  is  in  the  hydrogenlc  st-te  j<(x„|E«,e).  From  the  orthononnality 
conditions  on  f>   end  /C  we  have 

/yx(xj^,X2lE,E'.a.,$)X(x^,X2lE,E>,;,fi)rix^dX2  =  6  (^-^)5  (7 '-E  •  )6(a-a)6  (P-P), 
CO  00  ^ 

/  /  J7  >-(^T.^^|E.E',a,P)X(x{,x^|E,E',a,P)dad^dE«  =  ^  (x^-x.[  )6(x2-x' ). 

g 

Integrations  with  respect  to  E  have  the  limits  from  E'  to  +oo.   Integrations 

with  recpect  to  E'  range  from  E  to  oo.  I'hus  the  order  of  integration  is 

g 

im-nortant:    one  must   integrate  over  E  first.     The  last  Hamiltonian  which  we 
shall  introduce  is   H. (x^.x,),  which  is   just  H   (x^ ,x   )  with  the  first  and 

second  particles  interchanged: 

The  eigenfvmcti.-^ns  of  H     corresponding  to  the  eigenvalue  E    are  givpn  by 

|JlU,.xJE,E',o.,P)  =  X(x,,x^!E.E^c,^)  =y.(x,lE-E',a)^(x  JE'.P).  (27) 


The  eigenfvmction  |a,(x- .x.js,?: '.afP)    is   the  strte  vector  corresponding;  to  the 
first  electron's  being  in  the  hydrogenic  stste  0(x^|E',P)  and  the  second 
electron's  being  the  strte    X  (t^IE-E' ,p,).     The  orthonorme.lity  relations 
for  p,  are  analogous  to  those  for  X, 
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3.   Method  of  Proof 

The  function  a(x„lE,E^  |E  « ),  which  we  now  call  Cr(x  JE.E^.a  ,p  |E«,P«) 
Ir  defined  "by  the  alternstire  expansion  (lO),  which  we  nov;  write  as 

t^^vi'^z'^'^'^a'^a^ 

.00  .  (28) 

=  /  y  r,(x2!E,E^,c^,P^lE«,p«)|«(x^!E',P')dP'dE'  . 

Using  the  ortho^onslity  relations  (18)  for  ^  we  have 
CJ(x2iE.\.a^.PjE'.P') 

=  y''^^^^l.J2'-\'^a'Pa>^^^li^''P'>^^  •  (29) 

To  show  that  G-  is  an  ontgoing  spherical  wave  in  ^^  we  shall  use  the  integral 

e(iuations  (21)  for  y.  However,  to  isolate  the  outgoing  part,  it  is  convenient 

to  work  in  the  H.  representation  since  the  outgoing  part  will  he  recognj zahle 

in  this  represents tion  as  a  6  — fiinction. 

Let  us  denote  w  in  the  H^  representation  by  r(F,G,Y,€|E,E^,ag^,3g^),  which 

is  given  hy 

r(F,G,v.el?.E^,a^.P^)  =  Jf  ^il^.rj^^.\.^^.^^) 

(30) 
.  p,(i^,X2!E,G,>',c)dT.^dx2, 

p,  "being  the  eigenf unction  of  H  .  Using  the  orthogonality  relations  (l8), 

(12)  for  0  and  h   ^nd  the  eynression  (2?)  for  \x,   we  see  that  (29)  is  equivalent 

to 

^(x^Ill.E^.a^.P^lFt.e')  = 

-00  _  (31) 

/  J   r(F,E«,v,pilE.E^,a^,e^)%(x2lE-E'.V)dVdE. 

We  shall  calculate  r  in  terms  of  \}r  as  given  in  the  H  — representation. 
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Denoting  v  In  the   F     hy  u(F,G,V,€ I^.E    ,a  ,P   ),  where 

O  &        ^        cl 


we  have,  on  usln^  (30),  (2?)  and  (25)  together  with  orthogone-lity  relations 

for  0  and  X   '• 

r(F.G.V,<|E,E^.a^,P^)  =  ^VJ!//' u(F',G' ,Y«,e  •  |E.E^,a^.P^) 

g 

.v(F-G,7|G«,««)  7(r'-G«,Y'|G,€)dV'd€«dr'd,G  (33) 

where 

v(E,alF,P)  =yX  (x|E,a)0(x|F,p)dx  ;  (3/i) 

T(E,a|F,p)   iB  thus  the  eigenfimction  ^  of  H_  as  given  in  the  representation 
of  the  k:inetlc  energy  operator  T.     We  shall  tise  the  integrpl  equations  for 
u  and  V  to  ohtain  the  outgoing  parts  nnd  finally  use   (33)  and    (31)  to  get 
the  expression  for  G. 

^,     The  EqT:ifltions  for  u  and  v 

We  shall  first  show  th?it  u(F,G,V,€|E,E   ,a  ,P   )  satisfies  the  relation 

8.       3.       £L 


u(F,G,v,c1e,F    .a,  ,p   )  =  6(F-E)6(G-E   )6(V-a^)6(c-P„) 


+  V_(E-F)T(F,G,Y,clE.E^,a^,P^), 


(35) 


v/here 


T(F,G,V,€|E,E^,a^,3^) 


=  //^X(xjF-G.V)j!5(x2iG,c)    \jU^)  +  V(x^.T2r!  (36) 

•     ^<^r32l^'\'°a'Pa^   ^^  Hz 
nnd  where  "V   (O   is  essentinlly  thp  f     fianctlon;    it   Is  defined  "by 
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V  {r)    =  iim        —^    =  -  iTT6(0+P  7  ,  (37) 

where  P  indicates  thpt   in  integrations  over   5,    the  principal  part  of  the 
integral  is  to  Tie  used.      It  mig-ht  be  noted  that  in  accordance  with  the 

general  formalism  of  scattering   operators,   T(E,G,'v,c|E,S   ,a  ,p   )   is   the 

Rmplitiide  of  the  scattered  spherical  wave  obtained  when  one  sets    |x,  |-^oo 

in  the   integral  eqwtion  for  »jr    (eqn.(2l)).    This  scattered  wave  corresponds 

to  the  case  where  after  scattering   the  hydrogen  atom  is   in  the   state  dea- 

crihed  hy  the  quantum  numbers  G,   V. 

Incidentally,  one   can  write    (^'5)  ^s  en  integral  eq-rjption  for  u,   namely 

u(?,G,V,elE,E^,a  ,P^)  =   6(F-E)6(G-E   )5(V-a  )6(e-8  ) 

H-         0'        &  cL  o.  Si 

H  (3fe) 

+  v_(E-E)[v^)+V(x^,X2a°  u(r.G,Y,e!E,E^.a^.g^) 

H 
where  fvCx,  )+V(x- ,t«T]°  is  the  operator  T(3C- )+7(x,  ,z-)  ps  given  in  the  H 

representation;  It  operates  on  the  variables  F,G,V,c  of 

u(^.G,-.c|E,E^,cr^,0^) 

on  the  right  hand  side  of  (35a),  Equation  (35a)  can  be  made  the  basis  of 
a  discussion  of  the  scattering  problem  in  terms  of  the  scattering  operator 

(see  e.g.  Moses,  ref,  [2]). 

The  proof  of    (35)   involves    the   following  well-lcnown  identity: 

00    TT  2tt_ 
/   //    X  (x|E,9,u,)v_(E-E)X(x'!E.e.«))du)d«dB 
000  ^  ~  ~ 

00    TT  2n_  i  1 P  i  1 3C-X '  I 

=  /   / /   ^(x'lE,©,aOV_(F-E)X(x;E,©,a,)diod©dE  =  -  |; ^^-^— 

0     0  0^"  Ix-x'l 


(38) 


where 

IpI    =  /^  . 
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The  verific.-<tion  of   (35)   is  obtained  by  replacing  \\i  in  eqviPtion   (32) 

■by  the  rlghthPnd  side  of    (?.l).     Using  the   identity   (38)  we  replace 

I'p'Mx^-y^l 

hy 

/  y;C(T|!F'.a')  Y    (E-E«-F')X(xjF',a')da'dr' 

";/     /X(3r'|F'_i:'.a')  Y   (E-F  •)  X  (x,  1^ '-E '.a.' )da,'dP '. 
Ve  then  hive 

u(?.G.v.c|E.E^.a.P^)=^X(^^.j2!E.E^.a^.PjX(x^.X2|F.G.v.,)dz^d52 

-.  00  00       -I  

+  /dr^'/dT^/dE«/dTydB/da.'X(x^|F'-E'.a')0(j^lE'.g) 

g 

.   Y_(E-F')[j(x^)+V(x^,X22   M'(x^.?^lE.\.a^.3^) 

•  C/dx^  X  (ji|r'-E'.a«)/t' (xJf-o.yH 

yhich,   on  using  the  orthonormality  conditions  on  j!5,  /t  ,  \  gives    (35). 

Slmilerly  we  find  for  v  •'  '■^•J  Ji^-^)  J-*-i '  ^'>'  5-01-'?;  jr  •  .T-'  V  J'  ^ 

v(E,a!F,p)  =    >^(F)6(E  -F)6(a^e)+Y_(F-E)T^(Eid|F;p)/-        ^-^   ^^'■■'   --•'    ^t39^) 

T^(s,c,|F,a)  =/>(i!^;,^.)v(x)^(xiF,.f)«x  j;  j(a,i!v>,:i).T{'=?..'?:)  (^0) 

5.  The  Fvalnation  of  r(F,'?,Y,G|F.E  ,Qf  P;);;«a-r«-S-£~'i)  V(»q  «■?•«»< 3)-^' = 

cl         cl         GL  1^  -M* 

We  shall  o>itPin  r  In  fleveral  steps;   in -each  sTep'it  will-h^  onf  objective 
to  isolate  a  Y     fxlnctlon,  since  this  function  in  the  x  renresentation  is  the 

radially  outfoing  wave.      We   shall   first   indicate  severs.l  useful   identities 
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for  V  .     First,   from   (?7)  we  have 

v_(0  =  -yj-t),  {hi) 

It  can  also  "be   shown  tliat 

On  using  (^l)  we  see  that  {k?)   can  fee  written  as 

^_(^1^  "^J^Z^   =  ^Jh^^J^Z-^1^   *  "^-^^2^  ^J^l-^2^'  (^3) 

In  expression  (33)  we  note  that  the  product  v(F-G,v|G«,e  OvCl" '-0','Y'IS.«) 

appears.  We  shall  use  the  identity  (^3)  ^^^   equation  (39)  for  v  to  isolate 

a  V  function. 

From    (39)  we  ohtain  immediately 

T(E,a|F,p)  v(F',a'lF',P')  =  >l(F)  >|  (F' )6(E-F)6(E '-F  ^B  (a-^)6(a'-e• ) 
+  »^(F)6(F-F)6(n^p)V   (F '-E  •)T^(5! '.ct'If ',P  •) 

+  r^(F»)8(F'-F')fi(f^'-P')'^'    (F-F)T    (E.aJF.P)  (kk) 

+  V_(F'-E')V_(F-E)T^(E,alF,3)T^(E«,a'lF',P'). 

We  shall  simplify  the  lest  term  of  i^h).     Using  (hj)   we  have 
V  (F'-E«)V  (F-E) 

=  V  (F'-E«)'^  (F-E-F  »+E  >  )+'V  (F-E)v  (F'-E'-F+E). 

Hence  the  last   term  of    (hh)  is 

y^ (F  '-E  •  )T^ (S  •  ,rT. •  |F  « ,  p  '  )y_  (F-E-F  '+E  '  )T^ (E ,a.|F ,  p) 

+  V_(F-E)T^(E,a|F,P)Y_(F'-E'-F+E)T^(E',a'lF',P') 

=  v(E»,d«|F',3')Y_(F-E-F«+E»)Tj(E,a.|P,P) 

-  V  (F  ' )  6  (B  '-F  • )  6  (o»-& '  )V_  (F-E-F  i+E  •  )T^  (E  ,a|F ,  p) 
+  T(E,a.lF,p)Y_(F>-E«-F+E)T'^(E«,a«|F}p') 

-  >J  (F)«(E-F)6(cr^P)V   (F«-E«-F+E)T^(E',a'|F',P'), 


(^5) 


(^6) 
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where  we  have  used  (39)  to  olitain  V  T  In  terma  of  v.  Now  the  eecond  and 
fourth  terms  on  the  right-hand  aide  of  (^6)  are  Just  the  negativea  of  the 
third  and  fourth  terma  on  the  right-hand  side  of  equation  (Wi).  Hence,  auh- 
atitutlng  the  laat  tern  of  {kk)   as  given  "by  (^6),  we  have 
v(E.a|F,P)  v(E«,a«|P'.P')  = 
>^(P).l(F')6(E-F)6(E'-r«)6(a^R)6(a'-P') 

+  Y  (F-E-F'+E«)  [y(E«,a«lF'.P')Tj^(E.a.lF,p) 

_yCE,a|r.P)T^(i:'.a'|F'.P'a, 

from  which  we  obtain  finally 

v(F-G,Y|(J«,e')  v(F'-G«,v«lG,c) 
=  -n(GO  »i(G)6(F-F06(F-G-(J')6(V-€«)6(^"-€) 

+  V  (F'-F)  [^(F'_G«.VilG.€)T^(r-G.Y|G«,c«) 

-  v(F-G,YlG«,e«)T"^(y'-(^'.^'|G.€3  • 

In  (^8)  we  have  achieved  our  aim  of  Isolating  a  V_  function. 
To  evaluate 

r(F.G,V,c|E,F,^,a^.P^) 

=  /V"/7'^(^''^^'«*^''^'l^'\''^a'^^ 
E  G' 
g 

.v(F-G,v!  &«,€')  ?(F'-G',Y«|6,€)  dV 'dc 'dF 'dG  • , 
we  use  expresBlon  (^^^8)  for  the  product  of  v  v,  and  for  u  we  use  equation 
(35).  We  obtain  four  terms  as  we  did  when  we  evaluated  the  product  v  v. 
It  turns  out  that  hy  using  (^2)  for  the  products  of  the  Yjs  of  the  fourth 
term  one  can  eliminate  two  of  the  terms  In  a  manner  analogous  to  the 
derlvntlon  of  (^'?).  We  have  finally 


(^7) 


(^^8) 
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r(r,G.V,e|E,B^,o^,3^)  =  ^   (G ) ij (E  ) 6 (F-E ) 6 (F-G-E  )6(€-a  )6(Y-P  ) 
-       ■  ft     a.     a 

+  y_(E.E)-|/  /"'^v(E.G.v|G',c')v(F--G'.v.|G,,)T(r.,(;.,Y.,e«lE.E  .a  .P  ) 

u 

.  dV«d€«dE»dG«  (^^j 

*^^,^^^^'-^'»^'l^'^^(^-C-.'^l^'.-')^(^'.&'.^'.^'|E.E^.a^.BjdV.dc'dE.dG. 


Now.  using  the  definition  (3^),  (ko),    (32).  (36)  for  v,  T^  and  u.T  respective- 
ly, and  the  orthonormality  properties  for  X  snd  0.  one  o"btainB 


-00  _00 


//^v(F-G.7|G.,c«)v(P'-G..Y.|G.c)T(F..G..7.,e.|E.E^,o^.P^)aV.dc'Qj'dG. 
=/fM^2\''-^,y)f>UjCi..)    lJi^)-7U     .)2   Wx,.T  lE.E  .a.  .B  )da,dz,  . 


(50) 


«00  -00 


/  /  y?"^(^'-C-'.'^'|G.€)T  (r-6,Y|6',c')u(F'.G'.V.c'lE.E  .a  ;P  )dVde'dI"dG« 

xj   G  ■  &   fi   fl, 

=^XU2l3r-G.7)0(^|G,c)y(x3)  '.(^.J^I^.^.a^.Pjdj^d.^  .  ^^'^ 


and 

•(-(,#^^^-^-«"^I^'.^')^ia'-G..Y.|G,c)u(F',G'.Y..e'|E.E^.a^,P^)dY.dc'dF.dG« 

=  ^^(iF2l^-^.^Wjll^.^)^(5i)H'(x,.x^|E.E^.a^.P^)dj^dj^.  (52) 

Fence  we  hnve  finally 
r(F.G.v,,|E.E^.a^,p^)  =  ij  (G)  ^  (E^  )6  (P-E)6(r-G-E^)6(,^^  )6  (y.g^) 

+  Y_(E_T-)^X(^^|E.G,v)^(xjG.e)  (53) 

*    rV^5l.J2)  -^  ^^^sO   ^^^r52'^-\'^a'Pa)'^l<i52    ' 
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Equation    ("5?)   can  he  written  as  nn   integral  eriurtion  for 

r(P,G.V.e|E.E^.cr^,P^). 
as  follows : 

r(r,G.Y,elE,E     a   ,P   )  =  >7(G)>1(E   )6(F-E)6(F-G-E^  )6(e-a  )6(V_^   ) 

^         ex        ^  o>  S  Q  ^ 

+  V_(E-F)    [jCx^.x^)  +  VCx^a^  r(F,G.Y.clE,E^.a^.3^) 

^1 
where   [jCx^.i^)  +  ^(i^Il        is  the  operator  Vix^,T^)  +  VCi^)  as  given   in  the 

H^  representation;    it  operates     n  the  F,   G,   Y,    c  varishles  of  r  on  the  right- 
hand  side  of   (5>).     Eqioatlons    (2l),    (35^)  and    (5>)  are   the   Inte^rrl  equations 
for  the  same  eigenfunctlon  of  H  in  the    x  ,  H  ,H- ,     -  representations   respective- 

»v  0       i 

ly. 

6.     The  5veluPtlon  of  G(x Je.F   ,a.  ,P   Ie«,P«) 

TTsing  eauatlon   (31)  which  f"lves  G  in  terms  of  r,  we  have 

+  //  E/   /X(x2|P-E«,Y)Y_(E-F)XU^lF-E«,-)dYdFll 
•   %IE'.P')    [j(x|.r4KV(z^I!   u,(x',T'lE,F^.a^.pJdx|d^.    . 
Now  we  nse   (38)   to  ©"btaln 

-00  /) 

/   /X(T^\l-E',y)yJ-E-7)  X.(r^|F-E'.'v)dYdF 

00 

=  /  //(x2|F,Y)v_(E_E«-F)  9<:(x^|F,Y)dYdF  (5^*) 


E'  -  '2' 


iip'll;2-s^l 

m      e 
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where 

Ip'I  =  /2m(E-E')  . 


Tinslly  our  generalization  of  Mott  and  ^fe.83ey's  conjecture  is 

>(a.-P') 


OCxglE.E^.a^.P^lE'.P')  =  >.(E')X(\)^(X21\.P^)6(E-E'-E^)6(a^-P') 
lig'l  1^2-4! 


'2   ■^' 
where 


Ip'I  =y2m(E-E'). 

It  is  clear  thr.t  the  second  term  represents  outgoing  spherical  waves. 
In  Mott  and  Massey's  conjpcture  the  first  term  is  ignored.   If  the  initial 
state  of  the  hydrogen  ptom  is  snch  that  the  electron  is  hound,  then  E  <  0 
and  hence  the  first  term  vanishes  for  8ll  E«,  p».  Even  if  initially  the 
hydrogen  atom  Is  In  sn  ionized  stste,  the  first  term  vanishes  for  E'  <  0, 
i.e.,  for  exchnnge  scattering  where  the  incident  electron  is  capttired. 

Borowitz  and  Friedman  [ref .  TJ  point  out  that  the  integral  of  the 
second  term  diverges  for  E'  >  0.  This  is  not  surprising  because  G  is 
a  symbolic  function  in  the  sense  of  L.  Schwartz.  That  is,  G  contains 
a  part  resem^^ling  6-function.  This  is  clear  from  the  fact  that  the  first 
term  contains  a  6-function.  This  statement  can  also  he  shown  to  "be  true 
on  more  fundamental  grounds  which  we  shall  not  discuss  here. 

Borowltz  and  Friedman  extract  the  symbolic  part  of  this  integral  and 
are  left  with  a  convergent  part.  V/e  prefer  to  consider  a  WEve  pac'-cet  of 
incident  electrons  and  hydrogenic  atoms  as  being  given  Initially.  The 
Initial  stPte  would  then  be 

-/*/"// ^^^r^2'^'\'%'^a)^^^'\'%.'^aK'^^a'^'^a' 
e     a 

while  at  sny  finite  time  the  state  is  given  by 
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00   .00 


c     a 
where  we   take  f(E,E   .a   ,P  )  to  be  a  qi:adrlcplly  intesra'ble  function  of 
Its  nr^ruments. 

Then 

•/''/'7/^^^2'^'-\*%«Pa'^''P'^^(^'^a'%'Pj^a'^^8.^^a 

l8  a  well-defined  frinctlon  of  :^p  and  is  the  probability  amplitude  for  ex- 
dhen^e  scattering. 

Some  generalizptions  of  the  above  expressions  are  possible,  for  rlthouieh 
we  have  assumed  that  V(x),  V(x.,x  )  are  simply  ftmctions  of  their  arguments, 
our  results  can  be  peneralized  to  take  into  account  the  possibility  that 
V(x),  ?(xj^,x  )  are  operators.  The  generalization  can  be  obtained  immediately, 
but  we  refrain  from  giving  it  here  explicitly. 

It  should  be  pointed  out  that  the  Mott  and  Massey's 
5"^(r),  G„(r),  »v(r,  ,r  )  are  not  quite  our  functions  F,  G,  and  w.  Thev  ere 
related  e^s  follows: 

Tjr)   =  (2n)^/2[:2m^(E-E^a"^^''3in-^/\r(x|E.E^,a^,PjE..p.) 
G  (r)  =  (?TT)^/^[:2m-(E-E„I]-^^Sin-^/\c-(x|E,E  .a^,pjE'.g')  , 


where  the  quantum  ntunber  n  corresponds   to  the  jf&iT  of  q.tiant'um  numbers  E", 
P',  pnd  a.     represents   the  pair  of  polar  angles  ©   ,  w     of  the   incident 
electron.     Also,  the  vector  r  is   .iust  our  vector,  x. 
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